We consider a (7 + k)-dimensional Einstein-Gauss-Bonnet model with the cosmological Λ-term. A cosmological model with three factor spaces of dimensions 3, 3 and k, k > 2 is considered. Exact stable solutions with three (non-coinciding) Hubble-like parameters in this model are obtained. Some examples of solutions (e.g. with zero variation of the effective gravitational constant G) are considered in selected dimensions (for k = 5, 6).
Introduction
In this paper we consider a D-dimensional gravitational model with GaussBonnet term and cosmological term Λ, which extend the model with cosmological Λ term from ref. [1] .
Attempts at the geometric description of dark energy led to the analysis of a number of possible extensions of general relativity. In addition to the "classical" and scalar tensor theories, more complicated extensions have been developed, which are associated with the presence of torsion or more involved invariants of gravitational action. Among those theories that include a second-order derivative of the metric, one can distinguish the Einstein-GaussBonnet gravitational theory, which has interesting properties. The idea of these theories follows from the concept of cosmology on branes, which is based on string theory. In [2] a new class of the gravity theory was proposed, called Lovelock gravity,while Gauss-Bonnet gravity is its particular case. The cosmology of Gauss-Bonnet gravity has been studied in detail in a number of papers and at present such exact analytical solutions as cosmological ([3] - [14] ), centrally symmetric (generalization of Schwarzschild metric based on the Einstein-Gauss-Bonnet gravity) ( [15] - [17] ) and wormhole ([18] - [20] ) solutions have been obtained.
The setup
In this multidimensional Einstein-Gauss-Bonnet model, the metric is expressed in the following form:
on the manifold
where w = ±1, ǫ i = ±1, i = 1, ..., n. The manifold M is defined as a set of one-dimensional manifolds M 1 , ..., M n . In the open real set R * = (u − , u + ), the functions γ(u) and β i (u) are smooth. The metric (2.1) is cosmological for w = −1, ǫ 1 = ǫ 2 = ... = ǫ n = 1 and for physical applications the manifolds M 1 , M 2 and M 3 are equal to R and the other manifolds are considered as compact sets.
In this model, the action is expressed as
3)
is the standard Gauss-Bonnet term and α 1 , α 2 are nonzero constants. Further we denote α = α 2 α 1 . Recent astronomical observations and studies show that the Universe expands with acceleration instead of deceleration according to the scheme of the standard Friedmann model. Observations in the large-scale structure of the Universe show that visible matter and invisible dark matter can contribute only 31.7% of the total amount. The remaining 68.3% is dark energy, which causes an accelerated expansion of the Universe. Several interesting articles on Einstein-Gauss-Bonnet gravity have been published, which attempt to explain the problems of dark energy in cosmology ( [21] - [25] ). It should be noted that in the Einstein-Gauss-Bonnet theory of gravity the expansion of the Universe may be explained without a cosmological term. This is the main feature of this theory of gravity.
Here we are dealing with the cosmological solutions with diagonal metrics (of Bianchi-I-like type) governed by n scale factors depending upon one variable, where n > 3. Morever, we restrict ourselves by the solutions with exponental dependence of scale factors (with respect to synchronous variable t).
Recent astronomical observations show that our Universe in its present state expands with acceleration. Therefore, in order to describe the 3-dimensional exponential expansion of the Universe, we will assume that
The integrand in (2.3), when the metric (2.1) is substituted, reads as follows
where
Here terms L 1 and L 2 are expressed in the following form [14] :
Here we use a 2-linear symmetric form in the "mini-supermetric" -2 -metric of a pseudo-Euclidean signature:
and a 4-linear symmetric form -Finslerian 4-metric:
(2.14)
with components
Here we denoteȦ = dA du
, and the function f (u) in (2.7) is irrelevant for our consideration (see [5] , [6] ).
The derivation of (2.8) -(2.10) is based on the following identities ( [5] , [6] ):
From the action (2.3) we can get the following form of the equation of motion:
(2.20) Now we put w = −1, and the equations of motion for the action (2.3) give us the set of polynomial equations [26] 
. . , n, where α = α 2 /α 1 . For n > 3 we get a set of forth-order polynomial equations.
We note that for Λ = 0 and n > 3 the set of equations (2.21) and (2.22) has an isotropic solution v 1 = · · · = v n = H only if α < 0 [5, 6] . This solution was generalized in [8] to the case Λ = 0.
It was shown in [5, 6] that there are no more than three different numbers among v 1 , . . . , v n when Λ = 0. This is valid also for Λ = 0 if
Exponential solutions with three factor spaces
In this section we deal with a class of solutions to the set of equations (2.21), (2.22) of the following form:
where H is the Hubble-like parameter corresponding to an 3-dimensional factor space, h 1 is the Hubble-like parameter corresponding to an k 1 -dimensional factor space with k 1 > 1 and h 2 (h 2 = h 1 ) is the Hubble-like parameter corresponding to an k 2 -dimensional factor space with k 2 > 1. The first one is identified with "our" 3d space while the next ones are considered as subspaces of (k 1 + k 2 )-dimensional internal space. We assume
for a description of an accelerated expansion of a 3-dimensional subspace (which may describe our Universe). According to the ansatz (3.1), the first 3-dimensional factor space is expanding with the Hubble parameter H > 0, while the k i -dimensional internal factor space is contracting with the Hubble-like parameter h i < 0, where i is either 1 or 2. Now we consider the ansatz (3.1) with three Hubble parameters H, h 1 and h 2 which obey the following restrictions:
It was proved in ref. [27] that the set of (n + 1) polynomial equations (2.21), (2.22) under ansatz (3.1) and restrictions (3.3) imposed is reduced to a set of three polynomial equations (of fourth, second and first orders, respectively)
where E is defined in (2.
S 1 is defined in (3.3) and
As it was proved in [27] by using results of ref. [29] (see also [22] ), the exponential solutions with v from (3.1) and k 1 > 1, k 1 > 2 are stable if and only if
Here we use the relation (3.6).
Exact stable solutions in (3+3+k)-dimensional case
In this subsection, we present solutions to the set of equations of motion in in the form:
where k 2 = k > 2 and H is the Hubble-like parameter that corresponds to the 3-dimensional our subspace and the h 1 , h 2 are Hubble-like parameters that correspond to the internal subspaces of dimensions 3 and k 2 > 2, respectively. These solutions may be readily rewritten to the case
where k 1 > 1. Our solutions must satisfy the following conditions:
A) H > 0. This condition is necessary to describe the accelerated expansion of "our" 3-dimensional world, i.e., we assume that our 3-dimensional world corresponds to an expanding subspace in the multidimensional model. The remaining dimensions are considered as an internal subspace dimensions. B) As it is well known, our multidimensional model is considered anisotropic, therefore expansion is carried out in some dimensions and the remaining dimensions are compressed. In this particular case, we believe that in "our" 3-dimensional world there is an expansion, and the rest of the internal dimensions either have a contraction, or an expansion in some dimensions and a contraction in the other internal dimensions. Therefore, the fulfillment of this condition is required: B.1) (h 1 < 0, h 2 < 0) -a contraction in the internal subspace; B.2) (h 1 < 0, h 2 > 0) -a contraction in the internal k 1 -dimensions and an expansion in the internal k 2 -dimensions; B.3) (h 1 > 0, h 2 < 0) -an expansion in the internal k 1 -dimensions and a contraction in the internal k 2 -dimensions.
We note that the solutions with H > 0, h 1 > 0, h 2 > 0 do note appear in our consideration due to relation (3.15). The solutions obeying B.2) are unstable.
When fulfilling the above conditions, from (3.5) we get following solutions in case (m, k 1 , k 2 ) = (3, 3, k 2 ):
. The substitution of (3.11) and λ = Λα into relation (3.4) gives us the following expression
, (3.12)
13) here
. Above we denote part of the expression by A to shorten the long formulas.
Thus, from the last relations we can see that all the Hubble -like parameters h 1 and h 2 of the internal space are uniquely determined by k 2 and λ. The Hubble-like parameters of "our" 3-dimensional world is carried out using equation (3.6):
The stable solutions are selected by relation
For k 2 > 2 we have stable solutions for h 2 < 0 and unstable -for h 2 > 0. The case k 2 = 2 will be considered in a separate publication.
Examples
4.1 k 2 = 5 and α > 0
Let us consider the case k 2 = 5. From (3.12) we get four solutions:
and further, as our calculations show, each value of four solution of h 2 corresponds to two values of the solution h 1 (see (3.11) ) and one number of the solutions H (see (3.15) ). Therefore, we can find eight number of the set of real solutions. As our calculations show, four of them are unstable. Therefore, when we introduce the stability condition and the conditions A), B), the number of the set of stable real solutions reduce to three: 1)
The solutions H > 0, h 1 < 0 and h 2 < 0 are occured in the interval of λ: 2)
8)
9)
The solutions H > 0, h 1 > 0 and h 2 < 0 are occured in the interval of λ:
11)
12)
13)
The solutions H > 0, h 1 < 0 and h 2 < 0 are occured in the interval of λ:
4.2 k 1 = 6 and α > 0
In the set of dimensions (m, k 1 , k 2 ) = (3, 6, 3), solving the set of polynomial equations ( (3.4) -(3.6)), one can obtain analogous formulas and expressions as in the set of dimensions (m, k 1 , k 2 ) = (3, 3, 5) . In this set of dimensions from (3.4) we get four real solutions for h 1 and for each value of four solution of h 1 corresponds to two values of the solution h 2 (see (3.5)) and four numbers of the solutions H (see (3.6)). Therefore, eight number of the set of real solutions are occured. As our calculations show, four of them are unstable. Therefore, when we introduce the stability condition and the conditions A), B), the number of the set of stable real solutions decreases up to three: 1)
15)
17)
The solutions H > 0, h 1 < 0 and h 2 < 0 are occured in the interval of λ: 27 140 < λ < 17 84 and the solutions H > 0, h 1 < 0 and h 2 > 0 are existed in the interval of λ: 37 240 < λ < 27 140 .
2)
19)
21)
23)
25)
The solutions H > 0, h 1 < 0 and h 2 > 0 are occured in the interval of λ: 37 240 < λ < 27 140 .
Stable solutions with zero variation of G
In this multidimensional Einstein-Gauss-Bonnet model, the solutions with zero variation of the effective gravitational G are of particular interest. Certain results are obtained in papers ( [26] - [29] ) on exact solutions with zero variation of the effective gravitational constant G. The condition of zero variation of the effective gravitational constant G in our case reads
As shown by our early studies [27] , in any dimension of the multidimensional model there are many exact solutions that include the exact solution with zero variation of the effective gravitational constant G. In this case, the cosmological term Λ is determined by formula (3.25), (see [27] ). This means that each set of dimensions and the cosmological term (m, k 1 , k 2 , λ) corresponds to a set of exact cosmological solutions, which includes a solution with zero variation of the effective gravitational constant G. In this case we obtained [27] :
where, , h 1 = 5H, h 2 = −3H.
Here the solution 2) is stable [27] . In the second case, when (m, k 1 , k 2 ) = (3, 6, 3) the value of the cosmological term λ is equal to 5) and for the set of dimensions and the cosmological term (m, k 1 , k 2 , λ) = (3, 6, 3, ), we obtain the following stable real solutions: 1) H = , h 1 = −2H, h 2 = 4H. In this case the solution 2) is stable [27] .
Conclusions
We have considered the (7 + k)-dimensional Einstein-Gauss-Bonnet (EGB) model with the Λ-term. By using the ansatz with diagonal cosmological metrics, we have found for D = 7 + k, α = α 2 /α 1 > 0 and certain λ = αΛ a class of exponential solutions with three Hubble-like parameters H > 0, h 1 , and h 2 corresponding to submanifolds of dimensions m = 3, k 1 = 3 and k 2 > 2 (or m = 3, k 1 > 2 and k 2 = 3), respectively. The obtained solutions are exact and stable. Two examples of solutions (for (m, k 1 , k 2 ) = (3, 3, 5), (3, 6, 3) ) are considered. As we know, the stability plays a predominant role in study of exact cosmological solutions. Therefore, we assume that the obtained results will be used in our next research.
